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Klein—-Gordon and Dirac Equations in de Sitter
Space-Time
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We present and discuss the Klein—Gordon and Dirac wave equations in the
de Sitter universe. To obtain the Dirac wave equation we use the factorization
of the second-order invariant Casimir operator associated to the Fantappie—de
Sitter group. Both the Klein—Gordon and Dirac wave equations are discussed in
terms of the spherical harmonics with spin weight. A particular case of Dirac
wave equation is solved in terms of a new class of polynomials.

1. INTRODUCTION

In a recent paper Notte Cuello and Capelas de Oliveira [1] presented
in a systematic way a construction of the Casimir invariant operators associ-
ated to the Fantappié—de Sitter group. More recently these authors presented
a study of the Klein—Gordon wave equation [2] in the de Sitter universe
using the so-called Fantappié—Arcidiacono [3] method and discussed the
equation in terms of the associated Legendre function. Capelas de Oliveira
[4] discussed the homogeneous d’Alembert generalized wave equation for
the case of a physical situation involving a small distance (a local problem)
using the same technique. More recently [5] the same authors presented and
discussed the Dirac wave equation by means of the factorization of the
second-order invariant Casimir operator.

Here we discuss Klein—Gordon and Dirac wave equations using spherical
harmonics with spin weight introduced by Newman and Penrose [6] and
more recently by Torres del Castillo [7], and solve a particular case of Dirac’s
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wave equation in terms of the E(p) recently introduced by Gomes and
Capelas de Oliveira [8, 9].

This paper is organized as follows: In Section 2 we present and discuss
the generalized Klein—-Gordon wave equation, in Section 3 we present and
discuss the generalized Dirac wave equation and solve this equation for a
particular case, and in Section 4 we present our comments.

2. KLEIN-GORDON WAVE EQUATION

In this section we present and discuss the Klein—Gordon wave equation
in the de Sitter universe in spherical coordinates and obtain its solution by
means of the spin-weight technique.

The Klein—Gordon wave equation is given by [1]

LY, 0,9, =—-M"Yr0, 9,1 (2.1)

where M? is a constant associated with the mass of the particle and the I
operator is given by
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where the $? operator, given by
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is the usual angular momentum operator.
Introducing the I operator in equation (2.1), we obtain the following
partial differential equation:
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where ¥ = W(, 1, 6, ¢) and we have put
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A5 =1+ & — n?and V? is the Laplacian operator in spherical coordinates.
Following ref. 7, we have an arbitrary vector field & which can be
expressed in terms of its components by means of

F = Fre, + %F—(ée + iep) + %R(ée — ieg)

where F,, F,, and F_ have spin weight zero, one, and minus one, respectively,
and ¢,, eo, and ey are the orthogonal vectors tangent to the spherical coordi-
nate lines.

Then, using the fact that the set of spherical harmonics with spin weight
is a complete set [7], we can suppose for the above equation the following
solutions:

We = (1 + DI'FE n)Yil©, ¢)
Y. = gi(& M1 Yim(6, ¢) (2.5)
Yo = g:(& n)-1Yi(0, §)

The factor [/(I + 1)]"? is introduced for convenience; the variable 1 is taken
as a constant and we use the fact that the components Wz, W+, and V- have
spin zero, one, and minus one, respectively.

Then, introducing the functions given by (2.5) in equation (2.4) and
using the fact that the set {e,, ep + iey, eo — iey} is linearly independent,
we obtain the following ordinary differential equations:
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Then, introducing the functions G = (g1 + g£2)/2 and H = (g2 — g1)/2
and using equations (2.7) and (2.8), we obtain the following partial differen-
tial equation:
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where p = /(] + 1).
To solve this differential equation, we introduce the change of indepen-
dent variables defined by

& =pcosht and M = psinh T (2.10)

and we obtain the following partial differential equation:
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Then, we suppose a separable solution as follows:

G(p, 1) = F(P)TAT) (2.12)
in the above equation and we obtain two ordinary differential equations
given by

22
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and
T7 + 2 tanh © T} + L I}i T)— MT; =0 (2.14)
COS

where Aj is a constant and the prime denotes differentiation.

Taking \ = n(n + 2), where n = 0, 1, 2, ..., we obtain the solution
of equation (2.14) in the r and ¢ variables as
2.0 (n+2)12

Ti(r, t) = (1 - Cr—ﬁ) CIHYA (71) (2.15)

where Ci(x) are the Gegenbauer polynomials.
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The solution of equation (2.13) is given by
3/4
A ) [(n—v

2VPL(v + 312
A =1 Tm+v+3) v+ 372)

1 2i 1
{Pxi?f%(\/l A2)+;’ Xi%f%(\/l Az)} (2.16)
- 0 - 0

where M§=v(v+3), 4§=1+& —n* =1+ p% and P)(x) and Q) (x)
are the Legendre associated functions of the first and second kinds,
respectively.

Then, rewriting equations (2.6) and using equations (2.7) and (2.8),
we obtain

F(p) = exp —%(n+v+3) (

(1+a2>§;§+§(1+8)5§ ‘U;TllerézH—észr%ng
- (1 —nz)g_ilg—l—2n§1§—ocf=0 (2.17)
and
1+ gzg i(l +a2)%_1;_1(1; 1)H+21(1£ 1)f+ 26n a;f
—(1—n)gif+zngﬁ—ou{—o (2.18)

Multiplying equation (2.17) by an arbitrary constant k£ and using equation
(2.18), we obtain

2
1+ a‘i G+ + 20+ ) é(kf+ H) - I‘(Z;Tll(kj“r )
20(L+ 1) _f 2k 0’
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Then, choosing the constant & such that
2 Zl:_ . —2=2k (2.20)

we obtain k = [/ and k = —[ — 1. First, for k = [, equation (2.19) can be
written as
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and the solution of this differential equation is given by equation (2.9) making
! — —1[ as follows:

(If + H)(p, ©) = F(P)T-AT) (2.22)
Next, for k = —[ —1, we obtain from equation (2.19)
82
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and the solution of this differential equation is given by equation (2.9) making
the substitution / — [ + 1

[H — (+ DfIp, v) = F(P)Tr1(7) (2.24)

where the functions F(p) and T—,(t)[T)+1(T)] are given by equations (2.16)
and (2.15), respectively.

Solving the system of equations (2.12), (2.22), and (2.24) for the func-
tions g1(&, 1), g2(&, M), and (&, 1) and introducing these functions in equations
(2.5), we can write for [ > 0

¥, = % FPIT-(1) = T1+1(V)] Y1l 6, )

¥ = 21-11- 1 F(p)l:zl T(®) = Tini(0) = —; 1 T—I(T):| 1Yim(6, d)

T @ [T’“(T) + - g A T—/(T)] LYin(®, §)

!
(2.25)

As a particular case we consider / = 0. Then the components V' are
equal to zero [7] and we assume for equation (2.4) a solution of the form

Ye=rcEmn;, Ye=0 Y-=0 (2.26)
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We note that / = 0 implies m = 0 and thus Yoo(0, ¢) is a constant.
Introducing the functions (2.16) in equation (2.4), we get

2
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[(1+é)aéz+ 1+ %+ 2z
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Sa-m sy - (é + oc)]f(é, m=0 (27

The solution of the above equation is given by equation (2.9) with / =1

f(p. 1) = F(p)Ti(v)

where F (p) and Ti(t) are given by equations (2.16) and (2.15), respectively
and the variables p and 7T are defined in equation (2.10). Then, the vector
solution for equation (2.4) with / = 1 is given by

Y = F(p)Ti(t)-¢p
where ¥ = Y(p, 1, 0, §).

3. DIRAC WAVE EQUATION

In this section we present and discuss the Dirac wave equation in the
de Sitter universe with spherical coordinates and we obtain the solution for
the stationary case using the spin-weight technique.

The Dirac wave equation is given by [5]

{% Ya Vb Lap — Rm} Y=o (3.1)

where the 7. are 4 X 4 matrices that satisfy
Ya¥b + Y6Ya = 28ab

and the L, are the angular momentum operators, defined by

Ly = m(éa 2%, - & 5@)

with a, b = 0, 1, ..., 4; m is a real scalar and R is the radius of the de
Sitter universe.

We obtain the explicit form for equation (3.1) in relativistic spherical
coordinates using the technique proposed by Fantappié and Arcidiacono as
follows [5]:



592 Notte Cuello and Capelas de Oliveira

¥ ¥, ¥, Y Rm o _
Aat—l—Bar—l—Cae—l—Da(l) LY =0 (3.2)

where
= " R(1 + () RHL —r (1 — t/R)G,
—r(l + t/Ro, —R(1 + *IRHL
5= - (rdR) I, {t+ (r* + RH/R}o;
{t — (r* + RY)IR}o, —rt/RL
e[ —ios {(1 + R)Ir}ov]
{(t = R)Ir}oce —icy
and

(t — R)oy irGo r sin O

D= [ irGe (t+ Roy | _1

with 69 = © - ¢0; Gy = G - €¢; 6, = G * ¢,. Here L and I are respectively
the 2 X 2 and 4 X 4 identity matrices, and we use for the matrices Y, the
following representation:

Yo = Yol and Y4 = YoY1Y2Y3

where
0O 0 —i 0
[0 o o 0o 0o —i
O Zls o TTli oo o o
0 i 0 0

and o, are the Pauli matrices, with A = 1, 2, 3.
If we put ¥ =[], where u and v are two-component spinors, and then

write # = u-9 — wusl and v = v_D — v.l, where the spinors O and / were
introduced in [6, 7] we can write the following identities:

_ _Ou 1 Ou 10u
O Vu =0 o 000 T % o0

I:li (ru—):|8 + (l Ou- )l (3.3)
r Or r

o - V(u-9)



Klein—Gordon and Dirac Equations in de Sitter Space—Time 593

6 -V ) = (%5 u+)8 - I:%%(rm) :|l

and we also note that the following identities hold:

M i 8 1. a_1l. a_i
o0 290 T b T a¥ g T2¥
O = —il; cd =7 ool = —9; oyl = id

60D =sin OO + cos 0 /; codl =sin®/— cos 0D
(3.4)

Gee = _Z;

ol = —I

where 8 = (' ).
Then, using identities (3.3) and (3.4) and the fact that the set {9, —/}
is linearly independent, we can write equation (3.2) as a system of four partial

differential equations:

R(l+;—22)ag—t_—(l—E)aaL+(t+R)——(t+R) By
’—;%Jr;fag + e — (1 + bu_ —I-(t—I-R) =0
R(1+;—Zz)%+r(1—é)% %‘:—(Z‘-I-R)%@v_
_r_;a_\:r_i_;_; L:r—@u_—(l+k)u+—(t+R)%V+=O (3.5)
r(l—I—é)ag_t_—I—R(l—I—;_zz)%—(t—R)ag_;—l—(t—R)%%m
+’—;ag‘—r‘+;—;% D —I—(l—l—k)v_—(t—R) =0
r(l—I—é)%—R(l—I-;_)aa_—(t—R)%L:r—(t—R)%@u_
+’—;%“r*—’;f ‘:—?3\)_—(1—I—k)V+—(t—R)%u+=O
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Equations (3.5) can be solved using the method of separation of variables.
Using the fact that the set of spherical harmonics with spin weight is complete,
we look for a solution in the following form:

u- = g(}’, t) —1/2Y_/'m(9, (I))
U+ = G(V, t) 1/2Y_/m(9,(l)) (36)

v— = f(r, 1) —1nY;n(0, (I))
ve = F(r, £) 12Y;m(0, 0)

where j = 1/2, —j =< m < j, and we have used the fact that the components
u— and v— have spin weight —1/2 and the components u+ and v+ have spin
weight 1/2.

Introducing the functions (3.6) in equations (3.5) and using the rela-
tions [7]

0-12Yjm(0, ¢) = (j + %) ~12Yim(0, §)

01nY;m(0, ¢) = —(j +5

l) - 1/2Y_/m(9, (I))

we obtain the following system of partial differential equations:

2 2

1) 22 i\ of  rtdg
G+ )& (14J&+(+R+ )&+R&
_ .. 1 1\l 1
—(]—I- ) —(t—I—R)(—i— ) F+(+khg—@+R~f

2 20r r

£\ ag _1\eE OF | 110G

o) (1= 2) o]

1
R
1 1|1 1
]-1-2 g-l—(t-l—R)(-l—z) f+A+kG+(+R™F
r r

og 2\of [ r’ 1t of
G+R)8+RG+R)& ( R= &+R&
1

=(t—R)(j+§):G—(j+% F+(—R™ g—(l-l—k)f
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1\9G L2\oFE [ r2\0G rtdF
r(l+R)8t R(1+R2)8t (t R R)ar R Or
=(t—R)(j+—)—g+(j+§)f+(t—R)lG+(1+k)F 3.7)
r r

We note that solving the above system implies finding a completely
explicit solution for the Dirac wave question in the de Sitter universe.

We now solve the above system for the stationary case, i.e., when the
functions g, G, f, and F are independent of time. In this case, we have

(1+p2)‘;—g+é(j+%)/1=(k+é—j)3

dB | 1 3 6.8
(1+p2)d—p+5( —j)B=—(k+—+j)A

where we have put
A=g+ G, B=F—-F C=G—-g D=F+f
with p = r/R.
Then, from the system (3.8) we obtain the following ordinary differen-

tial equation:

d’4 2d4 G+ UNG+32) | ktk+2)

A=0 3.10

dp*  pdp (1 + pHp? (1 +p»? (310)
The solution of the above equation is given by [§]

Ap) = i (1 + )™ FIF2 (o) B2 (p) (3.11)

where Fi(p) and Fy are given by

Flp) = o 2 1y k=L DITa 3 1o >
p=pm 3 (k—1—2n) T(n+ 1+ 32)n |2
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and

[(k+1+1)/2] 2n
k+ 1+ MW I(=1+12 1
Bep) = L ) I ) 1 (g)

L n
p' nzz:o ( )(k+l+l—2n)!r(n—l+l/2)n!

Introducing the function (3.11) in the system (3.8), we obtain

(k—l—%—j))p(l +p)* B(p)

12 o) 1+ 0* [ 40 + 3/2)(j + 7/2) LAGE UGS
p (2 +6) (2j+4)

+Qk—2/—2)p— }F’“/Z(P)

[ i Ut S5I2) | Gk  TI2)(k = = 32) FIp)
p (2j +4) (2j +6)

+ (j+3/2) iF-/ﬁ”z(p)) (3.12)

where we have used the following relations for the Fi(p) and Fi(p) polynomi-
als [9]:

2 i A
p(l + p)(21 + 3) dp Fi(p)

= [(k — D21 + 3)p* + 411 + 2)(1 + p)] Fi(p)
—(k—1+ D(k+ 1+ 2)FFp)

and

P+ P+ 3) %0 o)
= —(k+1+3)k—1—1) F'(p)
+ [k—1—= 121+ 5p* + 4 + 1)1 + 3)(1 + pP)]FKP)
Analogously, we solve the system (3.9) and we obtain the solution

Cp) = —B({P) (3.13)
D(p) = A(p) (3.14)
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Finally, the solution of the Dirac wave equation (stationary case) in the
de Sitter universe is given by

U—
U+ AP)Xrin C(P)XZ-1n

= m + " 3.15
V- B(P) X% -1 D (P)Xi+1n (3.15)
V+

where the functions 4, B, C, and D are given by equations (3.11), (3.12),
(3.13), and (3.14) respectively and the functions X%+, are given by

11 -12Ym
21 12Ym

1 —12Yjm
21 12Ym

Xln = and Tn = (3.16)

4. COMMENTS

In this paper we discussed the solution for the Klein—Gordon and Dirac
wave equations using the so-called Fantappi€é—Arcidiacono method and
Newman—Penrose spin-weight technique. In both cases the solutions are
given by means of the spinor spherical harmonics. For the radial Dirac wave
equation the solution is given by a new class of polynomials which is related
to the so-called relativistic Hermite polynomials recently introduced [10].

We also note that as the curvature of de Sitter spacetime goes to zero
(R — ) we obtain the classical results [5].
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